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a b s t r a c t
In this paper, we study a class of generalized diffusion–reaction equations of the form
∂u
∂t (x, t) = (Au (·, t)) (x) + f (x, u (x, t)), where A is a pseudodifferential operator which
generates a Feller semigroup. Using the Trotter product formula we give a corresponding
discrete time integro-difference equation for numerical solutions.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Reaction–diffusion equations play a very important role in many areas of science and engineering as physics, biology,
hydrogeology, porus media etc. The classical one-dimensional reaction–diffusion equation is
∂u
∂t
(x, t) = C ∂
2u
∂x2
(x, t)+ f (u (x, t)) , u (x, 0) = u0 (x) ,
where u (x, t)depends on location x and time t . This equation is inadequate tomodelmany real situations, named anomalous
diffusions, when the growth rate or the shape of the particle distribution is different than the classical model predicts
(see [1]). These models are described by equations that contain fractional derivatives in the place of the usual integer
order derivatives. A known model for an anomalous diffusion is the fractional diffusion equation, where the usual second
derivative in space is replaced by a fractional derivative of order α, 0 < α < 2,
∂u
∂t
(x, t) = C ∂
αu
∂xα
(x, t)+ f (u (x, t)) , u (x, 0) = u0 (x) .
We observe that ∂
α
∂xα is a pseudodifferential operator. In this paper, starting from fractional diffusions, we analyze the
generalized reaction–diffusion equation
∂u
∂t
(x, t) = (Au (·, t)) (x)+ f (u (x, t)) , u (x, 0) = u0 (x) ,
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where A is a pseudodifferential operator which generates a strongly continuous positive contraction semigroup (called
Feller semigroup). In [2] this equation is considered with A as a pseudodifferential operator which generates a convolution
semigroup (in this case A is an operator ‘‘with constant coefficients’’). We will study the same equation, but A will be a
pseudodifferential operator which generates a Feller semigroup (the symbol of A will depend of x, A will be an operator
‘‘with variable coefficients’’). Wewill follow the procedures of [2], but an important tool in this extensionwill be the integral
representation of the operators which form the Feller semigroup (see [3]).
2. Abstract reaction–diffusion equation. Trotter product formula
Let (X, ‖·‖) be a Banach space and {T (t)}t≥0 a strongly continuous semigroup on X (for any t > 0, T (t) : X → X
is a linear operator and there exists M > 0 such that ‖T (t) x‖ ≤ M ‖x‖ ; T (0) = I; T (t + s) = T (t) T (s) for
t, s ≥ 0; t → T (t) x is continuous in the norm ‖·‖, for all x ∈ X). We denote by (A,D (A)) the generator of the semigroup
{T (t)}t≥0 ,
D (A) =
{
x ∈ X | lim
t→0+
T (t) x− x
t
exists
}
,
Ax = lim
t→0+
T (t) x− x
t
and we suppose that this limit exists for at least some nonzero x ∈ X .
We consider the abstract reaction–diffusion equation (ARDE) on X
u′ (t) = Au (t)+ f (u (t)) , t > 0, u (0) = u0,
where u : [0,∞)→ X, f : X → X and (A,D (A)) is the generator of {T (t)}t≥0. This equation has two important particular
cases:
(i) the reaction equation u′ (t) = f (u (t)) , t > 0, u (0) = u0;
(ii) the diffusion equation u′ (t) = Au (t) , t > 0, u (0) = u0.
The following theorem uses results from [4–8], and appears in [2].
Theorem 2.1. Suppose that f : X → X is globally Lipschitz (there exists M > 0 such that ∥∥f (x)− f (x′)∥∥ ≤ M ∥∥x− x′∥∥ for all
x, x′ ∈ X).
(a) Then (i) has a unique global strong solution u (t) := S (t) u0 for any initial condition u0 ∈ X and {S (t)}t≥0 form a semigroup
of nonlinear operators, given by
u (t) = S (t) u0 = u0 +
∫ t
0
f (u (s)) ds.
(b) If A is the generator of the strongly continuous semigroup {T (t)}t≥0 on X, then (ii) has a unique global mild solution
u (t) = T (t) u0 for any initial condition u0 ∈ X, i.e. u is continuous and satisfies the corresponding integral equation
u (t) = u0 +
∫ t
0
A (u (s)) ds;
if u0 ∈ D (A), the domain of A, then u is also the unique global strong solution of (ii).
(c) For any u0 ∈ X, (ARDE) has a unique global mild solution
u (t) := W (t) u0 = T (t) u0 +
∫ t
0
T (t − s) f (u (s)) ds
that can be computed by the Trotter product formula
u (t) = W (t) u0 = lim
n→∞
[
T
(
t
n
)
S
(
t
n
)]n
u0 = lim
n→∞
[
S
(
t
n
)
T
(
t
n
)]n
u0.
If u0 ∈ D (A) and f : X → X is continuously differentiable, then u (t) is the unique global strong solution of (ARDE) and this
solution can be computed by the above formula.
Assume that X is an ordered Banach space (a real Banach space endowedwith a partial ordering≤ such that: the positive
cone X+ is closed; x ≤ y implies x+ z ≤ y+ z for all x, y, z ∈ X; x ≥ 0 implies αx ≥ 0 for all x ∈ X and α ≥ 0; 0 ≤ x ≤ y
implies ‖x‖ ≤ ‖y‖ for all x, y ∈ X).
Typical examples of ordered Banach spaces are C∞
(
Rn
)
and Lp
(
Rn
)
, 1 ≤ p ≤ ∞. C∞
(
Rn
)
is the space of continuous
functions u : Rn → R such that u (x)→ 0 as ‖x‖ → ∞, endowed with the supremum norm and the partial ordering u ≤ v
whenever u (x) ≤ v (x) for all x ∈ Rn. Lp (Rn) , 1 ≤ p ≤ ∞, is endowed with usual norm and the partial ordering u ≤ v
whenever u (x) ≤ v (x) for all x ∈ Rn almost everywhere.
Let X be an ordered Banach space. The operator A : X → X is called positive if 0 ≤ u ≤ v implies 0 ≤ Au ≤ Av. Let A
and B be two positive operators. We write A ≤ B if Au ≤ Bu for all u ≥ 0.
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The following theorem is given from [8,2].
Theorem 2.2. Let X be an ordered Banach space. Assume that the strongly continuous semigroup {T (t)}t≥0 generated by the
linear operator A and the nonlinear semigroup {S (t)}t≥0 generated by the Lipschitz continuous function f are positive. If
T (t) S (t) u0 ≤ S (t) T (t) u0
holds for all t ∈ [0, T ] and u0 ≥ 0, then the unique mild solution W (t) u0 of (ARDE) satisfies[
T
(
t
n
)
S
(
t
n
)]n
u0 ≤
[
T
(
t
2n
)
S
(
t
2n
)]2n
u0 ≤ W (t) u0
≤
[
S
(
t
2n
)
T
(
t
2n
)]2n
u0 ≤
[
S
(
t
n
)
T
(
t
n
)]n
u0
for all u0 ≥ 0, n ∈ N and t ∈ [0, T ] , T > 0.
3. Negative definite functions. Feller semigroups
A function a : Rn → C is said to be negative definite if for all m ∈ N and (x1, x2, . . . , xm), xj ∈ Rn, 1 ≤ j ≤ m and for all
m-tuple (c1, c2, . . . , cm) ∈ Cm we have
m∑
i,j=1
[
a
(
xi
)+ a (xj)− a (xi − xj)] cicj ≥ 0.
If a : Rn → R is a continuous negative definite function, then there exists C > 0 such that
|a (ξ) | ≤ C (1+ |ξ |2)
holds for all ξ ∈ Rn.
A continuous negative definite function a is described by Lévy–Khinchin formula
a (ξ) = c + ib · ξ + q (ξ)+
∫
Rn\{0}
[
1− e−iξ ·y − i ξ · y
1+ |y|2
]
1+ |y|2
|y|2 dµ (y)
with c ≥ 0, b ∈ Rn, q a continuous non-negative definite quadratic form on Rn and µ a non-negative finite measure on
Rn \ {0} .
In the following, S
(
Rn
)
will be the Schwartz space, i.e. the set of all functions ϕ ∈ C∞ (Rn) such that supx∈Rn ∣∣xβ∂αϕ (x)∣∣
<∞ for all multi-indices α and β . S (Rn) is dense in C∞ (Rn) .
The general form of a pseudodifferential operator is
p (x,D) ϕ (x) = (2pi)− n2
∫
Rn
eix·ξp (x, ξ) ϕ̂ (ξ) dξ,
for ϕ ∈ C∞0
(
Rn
)
, the set of all C∞-functions on Rn with compact support, where
∧
ϕ (ξ) = (2pi)− n2
∫
Rn
e−ix·ξϕ (x) dx
is the Fourier transform. p (x, ξ) is called the symbol of the operator p (x,D) (see, for example, [9]).
The convolution semigroup on C∞
(
Rn
)
generated by a is defined by the formula
T (t) u (x) = (2pi)−(n/2)
∫
Rn
eix·ξpt (ξ) û (ξ) dξ,
for each t > 0 and u ∈ S (Rn), where
pt (ξ) = e−ta(ξ).
In this case, we observe that for any t > 0 the symbol is pt (note that there is no x-dependence). The function ξ → pt (ξ) is
a positive definite function and the infinitesimal generator of {T (t)}t≥0 is
Au (x) = − (2pi)−(n/2)
∫
Rn
eix·ξa (ξ) û (ξ) dξ,
for all u ∈ C∞0
(
Rn
)
, x ∈ Rn.
Let {T (t)}t≥0 be a strongly continuous semigroup on C∞
(
Rn
)
. If ‖T (t) u‖ ≤ ‖u‖ for all u ∈ C∞
(
Rn
)
and t ≥ 0, then
{T (t)}t≥0 is a contraction semigroup. A strongly continuous positive contraction semigroup on C∞
(
Rn
)
is called a Feller
semigroup. We have an integral representation of the operators which form a Feller semigroup (see [3]).
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Theorem 3.1. Let {T (t)}t≥0 be a Feller semigroup on Rn. For any t ≥ 0 there exists a unique function
pt : Rn × Rn → C
measurable, locally bounded and such that for any fixed x ∈ Rn, ξ → pt (x, ξ) is a continuous positive definite function with the
property that for any u ∈ S (Rn) ,
T (t)u (x) = (2pi)−(n/2)
∫
Rn
eix·ξpt (x, ξ) û (ξ) dξ .
For u ∈ S (Rn), the infinitesimal generator A of {T (t)}t≥0 is
Au(x) = (2pi)−(n/2)
∫
Rn
eix·ξa (x, ξ) û (ξ) dξ,
where
a : Rn × Rn → C, a(x, ξ) = d
dt
pt (x, ξ)
∣∣∣∣
t=0
.
4. Reaction–diffusion equation on C∞(Rn)
We consider the generalized reaction–diffusion equation on C∞
(
Rn
)
∂u
∂t
(x, t) = (Au (·, t)) (x)+ f˜ (x, u (x, t)) , u (x, 0) = u0 (x) , x ∈ Rn,
where A is the generator of the Feller semigroup {T (t)}t≥0 on C∞
(
Rn
)
and f˜ : Rn × R → R. Re-write this equation in the
form of (ARDE), where [f (u)] (x) = f˜ (u (x)). Following [2] we suppose that f : C∞
(
Rn
) → C∞ (Rn) is locally Lipschitz,
f (0) = 0 and [f (u)] (x) < 0 for all u (x) ≥ k, k ∈ R. Then the differential equation u′ (t) = f (u (t)), u (0) = u0 ≥ 0 has
a unique strong global solution given by u (t) = S (t) u0. Thus, we obtain the following theorem (the proof is essentially
identical to Theorem 4.3 in [2]).
Theorem 4.1. Let A be the generator of the Feller semigroup {T (t)}t≥0 on C∞
(
Rn
)
and let f as above. Then (ARDE) has a unique
mild solution u (t) = W (t) u0 for all u0 ≥ 0, given by the Trotter product formula
u (t) = W (t) u0 = lim
n→∞
[
T
(
t
n
)
S
(
t
n
)]n
u0 = lim
n→∞
[
S
(
t
n
)
T
(
t
n
)]n
u0.
We denote by
[
S˜ (t)
]
(u0 (x)) := [S (t) u0] (x) ,where S˜ (t) is a function that maps the real number u0 (x) to another real
number.
Theorem 4.2. We consider verified the above conditions and the following:
(1) kt (x, y) := (2pi)−(n/2)
∫
Rn e
i(x−y)·ξpt (x, ξ) dξ is bounded for all x, y ∈ Rn, t ≥ 0;
(2) S (t) and T (t)map S
(
Rn
)
to S
(
Rn
)
for all t ≥ 0;
(3) the function v→ [ S˜ (t)] (v) is concave down on v > 0 for any t > 0;
(4)
[
S˜ (t)
]
[kt (x, y) u0 (y)] ≥ kt (x, y) S˜ (t) [u0 (y)], for u0 ∈ C∞0
(
Rn
)
, u0 ≥ 0 and all x, y ∈ Rn, t ≥ 0.
Then the following statements are true:
(a) For all n ∈ N,[
T
(
t
n
)
S
(
t
n
)]n
u0 ≤
[
T
(
t
2n
)
S
(
t
2n
)]2n
u0 ≤ W (t) u0
≤
[
S
(
t
2n
)
T
(
t
2n
)]2n
u0 ≤
[
S
(
t
n
)
T
(
t
n
)]n
u0.
(b) If u0 ∈ C∞0
(
Rn
)
, u0 ≥ 0 and f is continuously differentiable, then (ARDE) on C∞
(
Rn
)
has a unique strong solution
u (t) = W (t) u0 given by the Trotter product formula.
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Proof. (a) By Jensen’s inequality and (1)–(4) we have:
[S (t) T (t) u0] (x) = S˜ (t)
[
(2pi)−(n/2)
∫
Rn
(∫
Rn
ei(x−y)·ξpt (x, ξ) u0 (y) dy
)
dξ
]
= S˜ (t)
[∫
Rn
(2pi)−(n/2)
(∫
Rn
ei(x−y)·ξpt (x, ξ) dξ
)
u0 (y) dy
]
= S˜ (t)
[∫
Rn
kt (x, y) u0 (y) dy
]
≥
∫
Rn
S˜ (t) [kt (x, y) u0 (y)] dy
≥
∫
Rn
kt (x, y)
[
S˜ (t)
]
u0 (y) dy =
∫
Rn
kt (x, y) [S (t) u0] (y) dy
= [T (t) S (t) u0] (x) .
Now, the statement is following from Theorem 2.2.
(b)We are applying Theorems 4.1 and 3.1. Since u0 is in the domain of the operator A and f is continuously differentiable,
then (ARDE) on C∞
(
Rn
)
has a unique strong solution u (t) = W (t) u0 given by the Trotter product formula. 
Remark 4.3. The existence and uniqueness of the strong solution u (t) = W (t) u0 of (ARDE) on C∞
(
Rn
)
yield to solve
pointwise the generalized reaction–diffusion equation. In this case, u (x, t) := [W (t) u0] (x) and the convergence from the
Trotter product formula is pointwise to u (x, t), uniformly for x ∈ Rn. Thus, the generalized reaction–diffusion equation in
continuous time can be solved numerically by computing solutions to one of its discrete counterparts:
un+1 (x) = [T (τ ) S (τ ) un] (x) ,
where un (x) = u (x, nτ) , τ = tn .We have:
un+1 (x) = (2pi)−(n/2)
∫
Rn
(∫
Rn
ei(x−y)·ξpt (x, ξ) dξ
)
[S (τ ) un] (y) dy
=
∫
Rn
kt (x, y) gτ (un (y)) dy,
where gτ (un (y)) = [S (τ ) un] (y). The approximate solutions un converge to the unique solution u at any time t > 0, when
n→∞.
Remark 4.4. If pt (x, ξ) = e−ta(ξ), where a is a continuous negative definite function (see part 3), then we obtain the results
from [2].
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